Short cycles in digraphs  by Nishimura, Tsuyoshi
Discrete Mathematics 72 (1988) 295-298 
North-Holland 
295 
SHORT CYCLES IN DIGRAPHS 
Tsuyoshi NISHIMURA 
Science University of Tokyo, Japan 
Received 31 August 1986 
Revised 15 August 1987 
Caccetta and Haggkvist [l] conjectured that every digraph with n vertices and minimum 
outdegree k contains a directed cycle of length at most [n/k]. With regard to this conjecture, 
Chvatal and Szemeredi [2] proved that if G is a digraph with n vertices and if each of these 
vertices has outdegree at least k, then G contains a cycle of length at most (n/k) + 2500. 
Our result is an improvement of this result. 
Main theorem. Let G be a digraph with n vertices such that each vertex of G has 
outdegree at least k (32). Then G has a cycle of length at most (n/k) + 304. 
Proof. Our proof is a straightforward refinement of the highly original argument 
of [2]. So we shall simply sketch the proof. We proceed by induction on 12. For 
convenience, we write t = n/k and denote the number of edges in a shortest 
directed path from x to y by dist(x, y). As in [2], we may assume that t 3 304, and 
that there is a vertex x such that at most i(n + 1) vertices y have dist(x, y) G 
lit] + 152. 
First, we define c using the equation ([$I + 152)(k -c) = i(n + l), and 
consider the smallest positive integer d with the following property: 
there is a vertex s such that at most 
d(k - c) vertices y have dist(s, y) < d. (1) 
With s as in (l), we can show that, for all nonnegative integers i, 
at most (i + l)(k - c) vertices y have d - i s dist(s, y) s d. (2) 
For later reference, note the following inequalities: 
ik > c > W’k - 1) ~ WO.Wk 
(t + 304) . t (3) 
Case 1. For every vertex v with dist(s, v) = d - 1, there is a vertex w with 
dist(v, w) < (t/74.3) - 1 and dist(s, w) G d - 3. 
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In this case, we consider the following two subsets of the vertex set of G. 
Q : = {u ( dist(s, V) = d - l} 
P := {u ( dist(s, u) = d - 2 and there are at least k/4.2 edges uu with u E Q} 
First we shall show that there is a subset R of P and a subset S of Q such that 
JRJ s (7.4/8.4)19 k, JSJ c 19 and such that for every u in P -R there is an edge uv 
with v E S. In proving this assertion, we may assume that IQ1 > 19, for otherwise 
we could set R = 0 and S = Q. 
By (2) with i = 1 and by (3), we have IQ1 c 2k. Since P and Q are disjoint, we 
similarlyget(P(+lQl=lPUQ(<3kby(2)withi=2. SettinglQl=sk(O~cE 
2), we have IPI s (3 - E)k. Note that if P = 0, we can simply set R = S = 0. 
Therefore we may assume P # 0. Thus we have IQ1 2 k/4.2 by the definition of 
P, and so E 3 114.2. 
We can now construct as in [2] a sequence Ro, . . . , RI9 of subsets of P and a 
sequence S,, . . . , S,, of subsets of Q such that IRi( ~(3 - c)(l- 1/(4.2&))‘k, 
ISi1 = i and such that Rj consists of those vertices u in P for which there is no edge 
u2r with 21 E Si. 
Since max1/4.2sEs2 (3 - c)(l - l/(4.2&))” = (7.4/8.4)9, we may set R = RI9 and 
s = 49. 
Next, we consider the following subset of V(G): 
T:={y]dist(s,y)cd-2andy$Rj. 
We shall construct a graph H by adding certain new edges to the subgraph of G 
induced by T. These new edges uz are added for each vertex u in P - R, while z 
runs through all the vertices for which there is an edge uv with ZJ ES and 
dist(v, z) <t/74.3. Since d S Lit] + 152, at most i(n + 1) vertices y in G have 
dist(s, y) sd. If Q = 0, there are no edges directed from Z to V(G) - Z, where 
Z:= {y ( dist(s, y) 6 d - 2). 
We get the desired conclusion immediately, by applying the induction hypothesis 
to the subgraph induced by Z. Thus we may assume Q f 0, and therefore, we 
have IV(H)/ = ITI <In. 
By estimating the outdegree of the vertices in H (following closely the 
argument in [2]), we get 
deg G (u) z= (1 - l/4.2 - (7.4/8.4)19)k 
for all u E T, where deg & (u) denotes the outdegree of u in H. We include here 
the proof for the case u E P - R. If u E P - R, then there is an edge uu with ZJ E S. 
By the assumption of Case 1, there is a vertex w with dist(v, w) < (t/74.3) - 1 and 
dist(s, w) 6 d - 3. Then there are at least k - (7.4/8.4)19k vertices z in T with 
wz E E(G). (Note: We may assume that u is not among these vertices z. For if so, 
it means that G contains a directed cycle of length at most (t/74.3) + 1.) Hence 
deg t; (u) 2 (1 - (7.4/8.4)19)k 2 (1 - l/4.2 - (7.4/8.4)19)k. Since 0.5/(1- l/4.2 - 
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(7.4/8.4)“) + 19/74.3 < 1, the rest of the proof corresponds word for word to that 
in [2]. 
Case 2. There is a vertex v with dist(s, V) = d - 1 such that no vertex w has 
dist(u, W) < (t/74.3) - 1 and dist(s, W) G d - 3. 
In this case, we consider the following subset of V(G), 
Ri := {y ] dist(v, y) =%j and d - 2 s dist(s, y) s d - l}, 
U := {w ) dist(s, W) = d}. 
By an argument similar to the one in Case 1, we get 
] U] + ]RJ] s 3(k - c) (UnRj=O). 
Hence if we set ]U] = .s(k - c) (OS E s l), then we have JRjJ s (3 - s)(k - c) for 
all j. On the other hand, for all sufficiently large j, 
IR,I 6 (2 - &)(74.3/75.3)jc. (4) 
Consider the smallest j satisfying (4); we claim that 
j < (t/74.3) - 1. 
By the minimality of j, we have 
(2 - c)(74.3/75.3)(j - 1)~ < lRj_11 =S (3 - &)(k - C). 
This, together with (3), implies 
j - 1 < (75.3/74.3)((3 - &)/(2 - &))@/150.75 - 1) 
G 2(75.3/74.3)@/150.75 - l), 
and (5) follows as t Z- 304. 
(5) 
We consider the subgraph F induced by R,_,. By estimating the outdegree of 
the vertices y in F (following closely the argument in [2]), we have 
deg g (y) 2 k - ~(k - c) - (2 - &)(74.3/75.3)~. 
Now (3) implies 
deg g (y) > (2 - e)c/75.3. 
By the induction hypothesis, F contains a directed cycle of length at most 
(2 - &)(74.3/75.3)jc 
(2 - E)C/75.3 
+304=74.3j+304<t+304. 
This completes the proof. 0 
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